We introduce a wide range of generalized finitary automorphism groups of an arbitrary module M over an arbitrary ring R. The largest such subgroup of Aut M R that we seriously consider here is the subgroup of all R-automorphisms g of M Ž . such that M g y 1 has Krull dimension. We also consider the subgroup of all Ž . R-automorphisms g of M such that M g y 1 is Artinian as an R-module. The results are vaguely analogous to the genuine finitary case but are somewhat weaker. ᮊ 2002 Elsevier Science
INTRODUCTION
We propose to introduce here a wide range of generalizations of the notion of a finitary group. Throughout this paper R denotes an arbitrary Ž . ring with an identity and we restrict ourselves primarily to left R-mod-Ž w x ules. Taking a leaf from the group theorists e.g., see 4, Chap. 1 , by a PQS-closed class ᑲ of R-modules we mean a class ᑲ of left R-modules such that ᑲ contains the zero modules; whenever Y ( X g ᑲ we have R Y g ᑲ; and submodules, images, and extensions of ᑲ-modules by ᑲ-mod-Ž ules are ᑲ-modules. To explain briefly this notation, P, Q, and S denote respectively the poly, image, and subobject closure operators and the ² : operator P, Q, S generated by these three is in fact just their product . PQS, acting on the classes from the left.
Suppose ᑲ is a PQS-closed class of R-modules. By the ᑲ-finitary Ž . automorphism group of the left R-module M we mean PQS-closed class of R-modules, then so is ᑲ l ᑳ and clearly
Examples
There are two trivial PQS-closed classes ᑲ, the class R-mod of all left Ä 4 R-modules and the class 0 of the zero R-modules. Clearly 
For division rings the above chain of subgroups F Aut M collapses.
␣ R Specifically, the following is immediate from the fact that modules with w x Krull dimension have finite uniform dimension; see 3, 6.2.6 .
1.1. Let D be a division ring. The only PQS-closed subclasses of Ž . K ϱ, D are the class of zero modules and the class of finite-dimensional vector spaces over D. In particular,
The Krull codimension, K-codim M, of the R-module M is by definition Ž w x . the deviation see 3, Sect. 6.1 of the partially ordered set of all submodco Ž . ules of M subject to reverse inclusion. Let K ␣ , R denote the class of Ž .
Ž . left R-modules with Krull codimension less than ␣ an ordinal or ϱ . co Ž . x . 3, 6.1.8
A further method for constructing PQS-closed classes is the following. For any infinite cardinal /, take the class of all R-modules with cardinality less than /. The most obvious examples of this construction are the class ᑠ Ž . of all finite R-modules and the class of all countable including finite R-modules. Clearly,
In this paper we are interested primarily in F Aut M and to a much first sight it might seem strange that the Artinian case is weaker than the Noetherian case, but consider the following simple examples. Let R be the integers, M be a free abelian group of rank 2, and N the direct sum of two Prufer p ϱ -groups for some prime p. Then
Ž .
1 p Ž . The point here is that M is Noetherian and GL 2, ‫ޚ‬ is a comparatively Ž . small group, while N is Artinian and GL 2, ‫ޚ‬ is already quite large; it is p uncountable for a start. Another indication of this is that we construct Ž quite naturally ascending series in our module M e.g., see Paragraph 2. 4 . below , and although ascending series are usually quite strong, compared with, say, descending series, if the module is Noetherian these series are clearly finite, which is substantially stronger.
Results
The following summarizes our general structure results in the widest case we consider. 
Ž
. theorem above we recover the second part but definitely not the first part w x w x of the theorem of 11 . As is to be expected from 11 , our results become much stronger for locally finite groups. ŽRecall that a group is quasilinear if it is isomorphic to a subgroup of a . direct product of a finite number of linear groups of finite degree.
Ž . Note that even in the finite-dimensional skew linear case of 1.4 d , the Žw x . group G need not be unipotent by abelian by finite 6, 2.5.9 or 2.5.10 , so Ž . 1.4 d is not as analogous and is a bit more subtle than its superficial similarity to the classical linear case might suggest.
MODULE THEORY
We start with a couple of simple remarks.
2.1. Let ᑲ be a PQS-closed class of R-modules and let G s ² : g , g , . . . , g be a finitely generated subgroup of F Aut M. Then 
[ M g y 1 has Krull dimension and hence finite uniform dimension 3, ⌳ x. 6.2.6 . Thus g restricts to the identity on almost all M and so g g
and the result follows.
b M is generated by copies of C.
Ä 4
Note that necessarily M / 0 . Say that C is an associated critical of M. Note that we are not assuming that M itself has Krull dimension. Of course, C itself is tight and C is an associated critical of C. Indeed, every non-zero submodule of C is tight.
Ž .

Let k be a commutati¨e ring, R a k-algebra, and M a non-zero left R-module. Then M has an ascending series
Ä 4 0 s M -M -иии -M -иии -M F M s M 0 1 q1 of R-End M sub-bimodules such that each factor M rM for -is R q1
tight and MrM contains no non-zero R-submodules with Krull dimension. If M has Krull dimension and ascending chain condition on R-End M sub-R bimodules, then M s M and is finite.
Proof. If M contains no non-zero R-submodules with Krull dimension, We need to analyze the structure of the tight modules. We require some preliminary work first. Say that a non-zero R-module M is ␣-locally critical for some ordinal ␣ if every non-zero finitely generated submodule of M has Krull dimension ␣, while every finitely generated submodule of every proper image of M has Krull dimension less than ␣ ; equivalently, if every non-zero finitely generated submodule of M is ␣-critical.
Suppose X is a non-zero submodule of an ␣-locally critical R-module M. Clearly X is also ␣-locally critical. If X has Krull dimension, then w x K-dim X s ␣ by 3, 6.2.17 . If ␣ is not a limit ordinal, this same result shows that X is ␣-critical.
Let M be a tight R-module with associated ␣-critical C. Any section X of M with Krull dimension satisfies K-dim X F ␣. Any non-zero submodule Y of M with Krull dimension satisfies K-dim Y s ␣.
Proof. Any finitely generated submodule of M lies in a sum of finitely many copies of C. It therefore has Krull dimension at most ␣. Hence by w x 3, 6.2.17 again K-dim X F ␣ and in particular K-dim Y F ␣. By the minimality of ␣ in the definition of tight we have K-dim Y s ␣.
Let M be a tight R-module with associated ␣-critical C and let J denote an injecti¨e hull of C. If is any non-zero R-homomorphism of M into J, then M is ␣-locally critical.
Proof. Let X be a non-zero finitely generated submodule of M. Then X has Krull dimension, since M does locally. Also J is uniform, so
It follows that every finitely generated subgroup of MrY, and in particular of XrY, has Krull dimension less than ␣. Consequently X is ␣-critical and M is ␣-locally critical.
Let M be a tight R-module with associated ␣-critical C and suppose
Proof. Assume the conclusion is false and let denote the natural Ä 4 projection of 1 onto J . Assuming N / 0 , then K-dim N s ␣ by Paragraph 2.5 and each N is either ␣-locally critical or zero by Paragraph Ä 4 2.6. Clearly F ker s 0 , so N has a series of finite length, n say, ⌳ whose factors are ␣-locally critical. From the Schreier Refinement Lemma it follows that any finite series of N has at most n of its factors ␣-locally critical. Any section of N has Krull dimension at most ␣.
Let ⌰ be a finite subset of ⌳. By hypothesis there exists some x in Ä 4
By Paragraph 2.6 the module
has a series of finite length with ␣-locally critical factors. Thus inductively we can construct a finite series of N with at least n q 1 ␣-locally critical factors. This contradiction completes the proof of Paragraph 2.7.
For the next results, labelled 2.8.1 to 2.8.5, we keep the following assumptions; moreover, notation in these results is accumulative. The ring R is an algebra for the commutative ring k, M is a tight R-module with associated ␣-critical C, I is an injective hull of M, and J is an injective hull of C. 
has Krull dimension and ker ␣ / 0 . Thus ␣ [ C has Krull dimen-M ⌳ Ä 4 Ä 4 sion, so either ␣ C s 0 , whence ␣ M s 0 since M is generated by copies of C, or ⌳ is finite. In the latter case [C is essential in I and so in M
There is an obvious isomorphism of End I onto the ring of R Ž Ž . pointwise row-finite ⌳ = ⌳ matrices over End J that is, matrices 
The construction of Ј shows that Ј has only a finite number of non-zero columns, so does, too. Thus Im : F End V. Suppose also Ž .
and is one-to-one. Finally, 
R
Žw
Since M has Krull dimension, the uniform dimension of M is finite 3, x. 6.2.6 and Paragraph 2.8.4 applies.
If M is a tight R-module with a non-zero Artinian submodule N, then M is completely reducible and homogeneous and F
Proof. N contains an irreducible submodule, necessarily of Krull dimension 0, so M is generated by copies of some 0-critical C, which necessarily is irreducible. Then M is a direct sum of copies of C, as is each of its submodules. Hence any submodule of M with Krull dimension is a direct sum of only finitely many copies of C and therefore is both Artinian and Noetherian. The result follows.
From Paragraphs 2.4 and 2.9 we obtain the following. 
GENERAL STRUCTURE
In this section k is a commutative ring, R is a k-algebra, and M is a Ž .
be the series for M constructed in Paragraph 2.4. Then for -the factor M rM is tight, with an associated critical C , say. Let D be the 
of which the second map is an embedding. We also have via Paragraph 2.8.3 a k-algebra homomorphism of F End M into the endomork R phism ring of the D -space V of which the above map of
that N is locally residually nilpotent and hypo
- G q1
Ž . hyper N-central and such that GrN embeds into ⌸
FGL V . 
Ž . g g G R
ŽIf we consider other subgroups such as G , H, etc., of Aut M, the 1 R . corresponding subrings of End M we denoted by ᒄ , ᒅ, etc. Ž . once we know that N s F C M rM , which is just
there is a finite ‫-ޑ‬dimensional,
Then g stabilizes a finite series in X, g acts unipotently on X, and the order of g is 1 or ϱ. But G is locally ² : finite. Therefore N s 1 . 
. m Ä 4 finite and of cardinality m, say. Then M g y 1 s 0 and g is unipotent.
The converse is clear.
Ž .
b We may assume that G is finitely generated. If ᒄ is nilpotent, Ä i 4 clearly G stabilizes the finite series M ᒄ and G is an s-subgroup. Proof. Only the action of G on V is in doubt and that follows from the following result.
Let M be a tight R-module and G a finitely generated s-subgroup of F Aut M. Then ᒄ is nilpotent, G is nilpotent, and G stabilizes a finite series
Proof. We use the notation and terminology of Section 2. Let S be the Ž . multiplicative subsemigroup of End M generated by all g y 1 for g g G. integer n with mx n s 0; for if mx i g Z for some ␤, then mx iq1 g Z for
Ž . 
Ä 4
But is an embedding. Therefore ᒄ s 0 . The remainder of Paragraph 4.3 follows easily; in particular, G stabilizes the finite series
Let G be a locally finite subgroup of F Aut M. Then G is an ϱ R s-subgroup if and only if G is a u-subgroup, and if these hold then G is locally nilpotent.
Proof. We have to prove the following, the remainder of 4.4 being clear.
Ž .
For both of these statements we may assume G is finite. To see Part a w x note that G is nilpotent since, by 2, Theorem A2 again, G is residually Ž . Ž . Ž . <G < Ä 4 nilpotent. For b we have from 3. 
If K is an ascendant subgroup of the subgroup G of F
is an ascending series of G. By induction we may assume that
Ž .
Proof. a If g has finite order, there is a finite ‫-ޑ‬dimensional ² :
² : ² : g -faithful, ‫ޑ‬ g -submodule X of M and g stabilizes an ascending, and hence finite, ‫-ޑ‬series in X. Unipotent elements in linear groups of < < finite degree and characteristic zero have order 1 or ϱ. Therefore g s ϱ.
Ž . ² : Clearly, then, s G s 1 .
² : ² : b If g has finite order, then g acts faithfully on a finite g -sub-² : module X of order a power of p and g stabilizes a finite series in X. By < < < < r stability theory, if g has finite order, then g is a power of p. Proof. Let C be an associated ␣-critical of M and suppose M is not Ž . ‫-ޚ‬torsion-free. Then there exists a non-zero x in M and an integer prime p with px s 0. Now x lies in a finite sum C q C q иии qC F M where 1 2 n each C is a copy of C. Pick i maximal with
Rx l C q C q иии qC s 0 .
Ž .
Then Rx contains a non-zero submodule Y that is embeddable into
By the minimality of 
n n w x ² : But * is an embedding. Hence A, K Ј s 1 and so K Ј A is nilpotent. 
